We consider the constrained ordered weighted averaging (OWA) aggregation problem with a single constraint and lower bounded variables. For the three-dimensional constrained OWA aggregation problem with lower bounded variables, we present four types of solution depending on the number of zero elements. According to the computerized experiment we perform, the lower bounds can affect the solution types, thereby affecting the optimal solution of the three-dimensional constrained OWA aggregation problem with lower bounded variables.
Constrained Ordered Weighted Averaging (OWA) Aggregation Problem
An OWA operator of dimension n is a mapping F : R n → R that associates a weighting vector W = (w 1 , w 2 , . . . , w n ) satisfying: w 1 + w 2 + . . . + w n = 1, 0 ≤ w i ≤ 1, i = 1, 2, . . . , n and such that:
F(x 1 , x 2 , . . . , x n ) = ∑ n i=1 w i y i ,
with y i being the ith largest of {x 1 , x 2 , . . . , x n }. Consider the following constrained OWA aggregation problem:
where the column vectors X, Y, W and b, and the m × n matrix A are:
. . . . , n − 1 y n I − X ≤ 0 I T Z i ≤ n − i, i = 1, 2, . . . , n − 1 Z i ∈ {0, 1} n , i = 1, 2, . . . , n − 1
where M is a huge positive number and I is the column vector with all elements equal 1. For the MIP (3), the number of constraints is:
and the number of variables is: n + n + (n − 1)n = n 2 + n.
In the literature, the constrained OWA aggregation problem with a single constraint on the sum of all variables is as follows:
If:
. .
is an optimal solution of (4), then, 
. . .
is also the optimal solution, for some σ ∈ S n , where S n is the set of all permutations of the set {1, 2, . . . , n}. To reduce the multiple solutions of the MIP (4), we introduce the following constraints:
by inspecting the jth element of the constraint y i I − X − MZ i ≤ 0,
From the optimal solution:
If Z ij = 1, then no restriction is imposed on y i , it implies that: y i+1 ≤ x j and y i+1 > x j so Z i+1,j = 0 or 1.
Therefore, the more efficient MIP is as follows:
Constrained OWA Aggregation Problem with the Same Lower Bounds
In most practical problems the variables are usually bounded. A typical variable x i is bounded from below by l i and from above by u i , where l i < u i and i = 1, 2, . . . , n. If we let u i = ∞, we get the following constrained OWA aggregation problem with lower bounded variables:
where the column vector:
By using the change of variable: X = X − L the lower bound vector can be transformed into the zero vector. The constrained OWA aggregation problem with lower bounded variables is:
If 1 − I T L < 0, the constrained OWA aggregation problem has no feasible solution. If 1 − I T L = 0, the unique optimal solution is X * = 0, so:
It remains to discuss the case that 1 − I T L > 0. More precisely, the three dimensional constrained OWA aggregation problem with lower bounded variables is as follows:
For the special case that the same lower bounds l i = l, i = 1, 2, . . . , n, by the observing that the ith largest (x σi ) of {x 1 , x 2 , . . . , x n } is the same variable of the ith largest (x σi ) of x 1 , x 2 , . . . , x n , let:
it follows that the optimal solution is the same as that of the constrained OWA aggregation problem [8] . We establish the main results described as follows: Theorem 1. Consider the three-dimensional constrained OWA aggregation problem (8) .
, and
Proof. For the three-dimensional constrained OWA aggregation problem, three cases are considered. Firstly, if:
the optimal solutions are:
and the most favorable value is:
Secondly, if:
two subcases are considered. If:
then the optimal solutions are:
and the largest objective function value is:
so:
Finally, if:
and:
Constrained OWA Aggregation Problem with Lower Bounded Variables
For simplicity, we consider the three-dimensional constrained OWA aggregation problem with lower bounded variables. From the optimal solution of the first constraint of the model (8):
there are four types (I, II, III and IV) of x 1 , x 2 , x 3 depending on the number of zero elements. The number of zero elements is two for type I, one for types II and III, and zero for type III. The solutions of X = x 1 , x 2 , x 3 and Y = (y 1 , y 2 , y 3 ) for the three-dimensional constrained OWA aggregation problem with lower bounded variables (8) are described as follows:
Theorem 2. Consider the three-dimensional constrained OWA aggregation problem with lower bounded variables (8) . For type I solution, there are three forms (1 
For type IV, there are only one form (1/3 − l 1 , 1/3 − l 2 , 1/3 − l 3 ) for X and one form (1/3, 1/3, 1/3) for Y.
Proof. For type I, the possible values of x 1 , x 2 , x 3 are:
For the case of x 1 , x 2 , x 3 = (1 − l 1 − l 2 − l 3 , 0, 0), we have:
For the case of (y 1 , y 2 ,
is solution of MIP (8) and the objective value is:
Since w 1 + w 2 + w 3 = 1, we can express the objective value F in only two weights. Then the other three formats of F are:
Among these four formats, the explicit format adopted is F = w 1 + l 2 (−w 1 + w 2 ) + l 3 (−w 1 + w 3 ) which is the most compact one.
is the solution of MIP (8) and the objective value is:
In Table 1 , we display the possible solutions x 1 , x 2 , x 3 , (x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 ), F and the conditions for the different choices of the type I.
We now consider that the number of zero elements is one. The possible values of x 1 , x 2 , x 3 are:
For the case of x 1 , x 2 , 0 , we have:
At optimal, the possible choices of x 1 , x 2 , x 3 are:
We choose x 1 + l 1 = x 2 + l 2 for type II, and x 1 + l 1 = l 3 or x 2 + l 2 = l 3 for type III. For x 1 + l 1 = x 2 + l 2 , from (9), it follows that:
More precisely, if:
For other cases of x 1 , 0, x 3 , (0, x 2 , x 3 ), the solutions and conditions are displayed in Table 2 .
For type III, we have two possible (9), it follows that if: l 3 ≥ l 1 , l 3 ≥ 1/3 and l 2 + 2l 3 ≤ 1 then:
If: l 3 ≥ l 1 , l 3 ≤ 1/3 and l 2 + 2l 3 ≤ 1 then:
For different choices of type III, detailed results are presented in Table 3 . For type IV, from (9), it follows that:
So, if:
then the solution of MIP (8) is:
(x 1 , x 2 , x 3 ) = (1/3, 1/3, 1/3) and (y 1 , y 2 , y 3 ) = (1/3, 1/3, 1/3) and F = 1/3. Table 2 . The values of x 1 , x 2 , x 3 , (x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 ), F and the conditions for type II. Minimizing the objective function of the constrained OWA aggregation problem with bounded variables is also important. One interesting model is the constrained OWA aggregation problem with upper bounded variables described as follows:
By using the change of variable:
minimizing the objective function of the constrained OWA aggregation problem with upper bounded variables is:
If I T U − 1 < 0, the constrained OWA aggregation problem has unbounded solution. If I T U − 1 = 0, the unique optimal solution is X * = 0, so:
For the case of 1 − I T L > 0, the similar results as Theorem 2 can be derived.
Numerical Results
To evaluate the optimal solution behaviors of the three-dimensional constrained OWA aggregation problem with lower bounded variables, we present some numerical experiments.
In Table 4 , we display the number of solution type I, II, III and IV for different choices of the weights and the lower bounds. To this end, we consider four types of solution forms I, II, III and IV and six types of weights: For the three-dimensional constrained OWA aggregation problem with lower bounded variables, from the numerical experiments the solution type I is the same as that of the constrained OWA aggregation problem without lower bounded variables for w 1 > max w i , respectively. The four solution types may be too simple for the three-dimensional constrained OWA aggregation problem with lower bounded variables. From this result, we anticipate more complication in the higher dimensions of the constrained OWA aggregation problem with lower bounded variables.
Conclusions
For the constrained OWA aggregation problem with one constraint on the sum of all variables, this paper introduces some constraints to reduce the multiple solution problem. For the three-dimensional constrained OWA aggregation problem with the same lower bounds, by using the change of variables, the optimal solution is the same as that of the constrained OWA aggregation problem without lower bounded variables. For the three-dimensional constrained OWA aggregation problem with lower bounded variables, this paper presents four types (I, II, III and IV) of solutions depending on the number of zero elements. When the number of zero elements of solution is two (type I), there are three closed-form expressions of X and six closed-form expressions of Y. When the number of zero elements of the solution is one (types II and III), there are three closed-form expressions of X and six closed-form expressions of Y for type II, and six closed-form expressions of X and six closed-form expressions of Y for type III. When the number of zero elements of the solution is zero (type IV), there is only one closed-form expression of X and one closed-form expression of Y. According to the computerized experiment we perform for the three-dimensional constrained OWA aggregation problem with lower bounded variables, the optimal solution type is I for w 1 = max Worthy of future research is that the analysis is extended to the lower and upper bounded variables for the constrained OWA aggregation problem, especially for the three-dimensional constrained OWA aggregation problem with upper bounded variables. Thus, the analysis of the constrained OWA aggregation problem with bounded variables is a subject of considerable ongoing research.
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